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THE MAPPING CONE FORMULA IN HEEGAARD FLOER
HOMOLOGY AND DEHN SURGERY ON KNOTS IN S3
FYODOR GAINULLIN
Abstract. We write down an explicit formula for the + version of the Hee-
gaard Floer homology (as an absolutely graded vector space over an arbitrary
field) of the results of Dehn surgery on a knot K in S3 in terms of homo-
logical data derived from CFK∞(K). This allows us to prove some results
about Dehn surgery on knots in S3. In particular, we show that for a fixed
manifold there are only finitely many alternating knots that can produce it by
surgery. This is an improvement on a recent result by Lackenby and Purcell.
We also derive a lower bound on the genus of knots depending on the manifold
they give by surgery. Some new restrictions on Seifert fibred surgery are also
presented.
1. Introduction
Dehn surgery is a fundamental technique in 3-manifold topology. Indeed, we
can construct any 3-manifold1 beginning with any other 3-manifold and performing
Dehn surgery enough times. However, it is a highly non-trivial and widely open
problem to understand what manifolds can be obtained by doing Dehn surgery once
(even starting from the ‘simplest’ 3-manifold, namely S3) and what knots yield a
fixed manifold by surgery.
Heegaard Floer theory is a relatively recent collection of powerful tools in low-
dimensional topology. It has many aspects and provides invariants in many differ-
ent contexts. In this paper, we are only concerned with the 3-manifold and knot
invariants (defined in [18, 24, 16]). The collections of 3-manifold invariants and
knot invariants are connected via the surgery formula that expresses the Heegaard
Floer homology of a 3-manifold obtained by surgery on a given knot in terms of
the Heegaard Floer homology data of the knot (see [22]). This makes Heegaard
Floer homology an especially suitable tool for investigating questions about Dehn
surgery.
A natural question about Dehn surgery is whether there are manifolds that can
be obtained by surgery on infinitely many distinct knots in S3. The answer is ‘yes’
– see [12] or [26]. There is still hope, however, that perhaps this does not happen
for some nice classes of knots.
One interesting and well-studied class of knots is that of alternating knots.
At first sight, their diagrammatic definition seems to have little to do with the
geometric-topological properties of these knots. However, this is not so – see [6]
and references therein. In particular, the following is [6, Theorem 1.3]
1In this paper, whenever we say ‘3-manifold’ we mean ‘closed connected orientable 3-manifold’.
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2 FYODOR GAINULLIN
Theorem 1 (Lackenby-Purcell). For any closed 3-manifold M with sufficiently
large Gromov norm, there are at most finitely many prime alternating knots K and
fractions p/q such that M is obtained by p/q surgery along K.
In fact, the statement about fractions p/q can be deduced, for example, from [10].
We will also show in this paper that given any manifold Y there is a universal bound
on q for such fractions which also implies that they are finite in number. Using
techniques that are very different from those used in [6] we are able to establish the
following improvement of this theorem.
Theorem 2. Let Y be a 3-manifold. There are at most finitely many alternating
knots K ⊂ S3 such that Y = S3p/q(K).
Heegaard Floer homology is also very useful in bounding genera of various sur-
faces. In particular, knot Floer homology determines the genus of a knot [15].
Combining this with information about surgery often allows one to put restrictions
on genera of knots admitting certain surgeries. For example, if surgery on a knot
K produces an L-space Y (a generalisation of lens spaces – see below for the def-
inition), then 2g(K) − 1 ≤ |H1(Y )|, where by g(K) we mean the genus of K (see
e.g. [22, Corollary 1.4]).
We derive a bound which is in some respects ‘opposite’ to the bound for L-
spaces. It is a lower bound which can be non-trivial only for non-L-spaces. For
the statement of the theorem below and the rest of the paper note that we work
over an arbitrary field F. Heegaard Floer homology is then an F[U ]-module and we
denote the action of U simply by multiplication. For a rational homology sphere
Y , HFred(Y ) denotes its reduced Floer homology.
Theorem 3. For any knot K ⊂ S3 and any p/q ∈ Q we have
Ug(K)+dg4(K)/2e ·HFred(S3p/q(K)) = 0.
We remark that if K is an L-space knot, then Udg4(K)/2e ·HFred(S3p/q(K)) = 0.
Moreover, for any N > 0 and p > 0 there is a three-manifold Y which can be
obtained by a surgery on a knot in S3 such that UN ·HFred(Y ) 6= 0 and |H1(Y )| = p.
Here g4(K) is the slice genus of K. We obviously have d g4(K)2 e ≤ d g(K)2 e, so the
theorem does give a lower bound for g(K).
A different lower bound for the knot genus producing non-L-spaces has been
found by Jabuka in [4], but unlike our bound, it also depends on the denominator
of the slope. Note also that there exists a manifold for which the genus of knots
producing it is not bounded above [26].
More recently, Jabuka [3] has produced a new lower bound on the genus that
does not involve the denominator of the slope. He also obtained the ranks of ĤF
for the result of surgery on a knot in S3. His genus bound appears to be quite
different from ours.
Using the genus bound of Theorem 3 and some other considerations we are able
to prove results about Seifert fibred surgery on knots in S3. In [28] Wu (improving
on the results of [19]) has proven the following (the definitions of Seifert orientation
and torsion coefficients will be provided later).
Theorem 4 (Wu). Let K ⊂ S3 be a knot. Suppose there is a rational number
p/q > 0 such that Y = S3p/q(K) is Seifert fibred.
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If Y is a positively oriented Seifert fibred space, then all the torsion coefficients
ti(K) are non-negative and ĤFK(K, g(K)) is supported in even degrees. In par-
ticular, deg ∆K = g(K).
If Y is a negatively oriented Seifert fibred space and 0 < p/q < 3, then for all
i > 0 the torsion coefficients ti(K) are non-positive. If Y is a negatively oriented
Seifert fibred space, g(K) > 1 and 2g(K) − 1 > p/q, then ĤFK(K, g(K)) is sup-
ported in odd degrees. In particular, deg ∆K = g(K).
We are able to prove the following.
Theorem 5. Let K ⊂ S3 be a knot. Suppose there is a rational number p/q > 0
such that Y = S3p/q(K) is a negatively oriented Seifert fibred space. Then
• Ug(K) ·HFred(Y ) = 0;
• if 0 < p/q ≤ 3, then all the torsion coefficients ti(K) are non-positive
(including t0(K)) and deg ∆K = g(K);
• more generally, if i ≥ b dp/qe−
√
dp/qe
2 c, then ti is non-positive;
• if g(K) > b dp/qe−
√
dp/qe
2 c, then deg ∆K = g(K);
• if Ub|H1(Y )|/2c ·HFred(Y ) 6= 0 then deg ∆K = g(K).
In all statements where deg ∆K = g(K) we have that ĤFK(K, g(K)) is sup-
ported in odd degrees.
After the proof of Theorem 3 in Section 5, we describe negatively oriented Seifert
fibred spaces Y for which the power of U needed to annihilate HFred(Y ) gets
arbitrarily large compared to the order of the first homology group.
Theorem 5 combined with the result of Wu has the following straightforward
corollary.
Corollary 6. Suppose Y = S3p/q(K) is a Seifert fibred rational homology sphere.
If |H1(Y )| ≤ 3, then all the torsion coefficients of K have the same sign and
deg ∆K = g(K).
To prove Theorems 2 and 3 we need to study the mapping cone formula, which
connects the Heegaard Floer data of the knot with the Heegaard Floer homology of
the manifolds obtained by surgery on it. Given a knot K in S3 there is a doubly-
filtered complex C = CFK∞(K) associated to it. The doubly-filtered homotopy
type of this complex is a knot invariant, from which all the flavours of knot Floer
homology are derived.
In fact, the mapping cone formula states that given C and a certain chain ho-
motopy equivalence which identifies C{i ≥ 0} with C{j ≥ 0} we can determine
HF+(S3p/q(K)) completely for any rational p/q.
In Section 3 we derive an explicit description of HF+(S3p/q(K)) as an absolutely
graded vector space in terms of homological data from CFK∞(K), with no ref-
erence to the chain homotopy equivalence mentioned above. For a large part this
has already been done ([11], [10], [22]), but the results are scattered across multiple
papers, sometimes not in explicit form, and we consider it useful to have them col-
lected in one place. While all the results of this section concerning positive surgeries
have been shown before, as far as we are aware, the results for negative and zero
surgeries (contained in subsections 3.2 and 3.3 respectively) are new.
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This allows us to derive some other applications as well, a few of which we
mention here.
Theorem 7. Suppose K is a non-trivial knot and Y = S3p/q(K). Then
|q| ≤ |H1(Y )|+ dim(HFred(Y )).
The existence of such a bound for the denominator seems to be known to some
experts in Heegaard Floer homology (it could be deduced from [22, Proposition
9.6]) but we have not seen it explicitly stated. We will use this fact in the proof of
Theorem 2.
A bound on the number of slopes that produce a given manifold has also been
obtained in [5, Theorem 2.9] in quite a general but somewhat different setting (in
particular due to homological conditions it does not deal with surgeries in S3).
Theorem 8. Let K be an L-space knot and p/q ≤ 1 a rational number. Then
S3p/q(K) and p/q determine the Alexander polynomial of K.
We remark that the Alexander polynomial determines the knot Floer homology
of an L-space knot [20]. Conversely, the Alexander polynomial of an L-space knot
determines the HF+ of all surgeries on it. In particular, if for two L-space knots
K and K ′ we have that HF+(S3p/q(K)) ∼= HF+(S3p/q(K ′)) for some p/q ≤ 1, then
HF+(S3p′/q′(K))
∼= HF+(S3p′/q′(K ′)) for all other p′/q′.
This theorem also implies that if two torus knots Tr,s, Tr′,s′ with r, s, r
′, s′ > 0
have the same surgery with the same slope≤ 1, then they are the same. Presumably,
this can also be obtained by more elementary methods. Note, however, that there
do exist positive integral slopes for which there are two distinct torus knots with
the same surgeries at these slopes [11, Example 1.1].
In [26] Teragaito constructs a small Seifert fibred space Y and a sequence of
knots Kn ⊂ S3 such that Kn(−4) = Y .2 Moreover, the genus of the knots Kn
is unbounded. Incidentally, this shows that we cannot hope for an upper bound
on knot genus for knots giving some arbitrary manifold by surgery. In section 7
we show that Y can only be obtained by (−4)-surgery and we find the Alexander
polynomial of the knots Kn. It is, in fact, possible to find the Heegaard Floer
homology of all manifolds obtained by surgery on each Kn.
The organisation of this paper is as follows. In section 2 we review some defini-
tions, notation and the mapping cone formula. In section 3 we derive the expression
for the Heegaard Floer homology of surgeries on a knot. In section 4 we prove The-
orem 2, in section 5 we prove Theorem 3 and in section 6 we prove Theorem 5.
Finally, in section 7 we present some other applications of the mapping cone for-
mula to questions in Dehn surgery.
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2. The mapping cone formula
In this section, we set up notation and review the rational surgery formula of
Ozsva´th and Szabo´ [22]. We largely follow the exposition and notation of Ni and
Wu in [10].
Given a knot K in S3 we can associate to it a doubly-filtered complex
C = CFK∞(K). We denote generators of this complex by [x, i, j], where this
generator has filtration (i, j) ∈ Z × Z. By [24, Lemma 4.5] the complex C is
homotopy equivalent (as a filtered complex) to a complex for which all filtration-
preserving differentials are trivial. In other words, at each filtration level we replace
the group, viewed as a chain complex with the filtration preserving differential, by
its homology. From now on we work with this, reduced complex.
The complex C is invariant under the shift by the vector (−1,−1). There is an
action of a formal variable U on C which is simply the translation by the vector
(−1,−1). In other words, the group at the filtration level (i, j) is the same as the
one at the filtration level (i − 1, j − 1) and U is the identity map from the first
one to the second. Of course, U is a chain map. In C the map U is invertible
(but note that it will not be in various subcomplexes and quotients), so C is an
F[U,U−1]-module.
This means that as an F[U,U−1]-module C is generated by the elements with
the first filtration level i = 0. In the reduced complex the group at filtration level
(0, j) is denoted ĤFK(K, j) and is known as the knot Floer homology of K (at
Alexander grading j).
The complex C is absolutely Z-graded. In fact, the complex C is the complex
used to compute the (∞-flavour of the) Heegaard Floer homology of S3, the knot
provides an additional filtration for it. By grading the Heegaard Floer homology
of S3 we obtain the grading on C. The map U decreases this grading by 2.
Using the filtration on C we can define the following quotients of it.
A+k (K) = C{i ≥ 0 or j ≥ k}, k ∈ Z
and
B+ = C{i ≥ 0} ∼= CF+(S3).
We also define two chain maps, vk, hk : A
+
k (K) → B+. The first one is just
the projection (i.e. it sends to zero all generators with i < 0 and acts as the
identity map for everything else). The second one is the composition of three
maps: firstly we project to C{j ≥ k}, then we multiply by Uk (this shifts everything
by the vector (−k,−k)) and finally we apply a chain homotopy equivalence that
identifies C{j ≥ 0} with C{i ≥ 0}. Such a chain homotopy equivalence exists
because the two complexes both represent CF+(S3) and by general theory [16]
there is a chain homotopy equivalence between them, induced by the moves between
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the Heegaard diagrams. We usually do not know the explicit form of this chain
homotopy equivalence.
Genus detection alluded to before has the following form [15, Theorem 1.2].
Theorem 9 (Ozsva´th-Szabo´). Let K ⊂ S3 be a knot.
Then g(K) = max{j ∈ Z|ĤFK(K, j) 6= 0}.
From this (together with symmetries of C) we can see that the maps vk (respec-
tively hk) are isomorphisms if k ≥ g (respectively k ≤ −g).
We define chain complexes
A+i,p/q(K) =
⊕
n∈Z
(n,A+b i+pnq c
(K)), B+ =
⊕
n∈Z
(n,B+).
The first entry in the brackets here is simply a label used to distinguish different
copies of the same group. There is a chain map D+i,p/q from A+i,p/q(K) to B+
defined by taking sums of all maps vk, hk with appropriate domains and requiring
that the map vk goes to the group with the same label n and hk increases the
label by 1. Explicitly, D+i,p/q({(k, ak)}k∈Z) = {(k, bk)}k∈Z where bk = v+b i+pkq c(ak)+
h+b i+p(k−1)q c
(ak−1).
Each of A+k (K) and B
+ inherits a relative Z-grading from the one on C. Let
X+i,p/q denote the mapping cone of D
+
i,p/q. We fix a relative Z-grading on the whole
of it by requiring that the maps vk, hk (and so D
+
i,p/q) decrease it by 1. The following
is proven in [22].
Theorem 10 (Ozsva´th-Szabo´). There is a relatively graded isomorphism of F[U ]-
modules
H∗(X+i,p/q) ∼= HF+(S3p/q(K), i).
The index i in HF+(S3p/q(K), i) stands for the Spin
c-structure. The numbering
of Spinc-structures we refer to is defined in [22], but we do not need precise details
of how to obtain this numbering for our purposes.
We can also determine the absolute grading on the mapping cone. The group
B+ is independent of the knot. Now if we insist that the absolute grading on
the mapping cone for the unknot should coincide with the grading of HF+ of the
surgery on it (i.e. d(L(p, q), i)), this fixes the grading on B+. We then use this
grading to fix the grading on X+i,p/q for arbitrary knots – this grading then is the
correct grading, i.e. it coincides with the one HF+ should have.
The mental picture we have of the mapping cone theorem is illustrated in Fig-
ure 1. We have two rows of groups. The bottom row is just the row of identical
groups B+. The upper row consists of the various ‘hook’ groups A+k (K). Specif-
ically, if the surgery slope is p/q, in the upper row we repeat each group q times.
We then have vertical arrows pointing down for the maps vk, and the arrows for the
maps hk are slanted. More precisely, they go p groups to the right (if p is negative,
this means −p to the left). This creates |p| subcomplexes, connected by a zig-zag set
of arrows. Each such zig-zag subcomplex corresponds to a Spinc-structure on the
manifold that is the result of the surgery. To obtain the Heegaard Floer homology
of this manifold we need to take the mapping cone of this chain map.
For our purposes, it suffices to pass to the homology of the mapping cone
under consideration. Let A+k (K) = H∗(A
+
k (K)), B
+ = H∗(B+), A+i,p/q(K) =
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Figure 1. Schematic representation of the portion of the com-
plex, mapping cone of which gives the Heegaard Floer homology
of the surgery on a knot. This case illustrates 23 -surgery, blue and
green subcomplexes represent two different Spinc-structures on the
resulting space.
H∗(A+i,p/q(K)), B+ = H∗(B+) and let vk,hk,D+i,p/q denote the maps induced by
vk, hk, D
+
i,p/q (respectively) in homology.
When we talk about A+i,p/q(K) as an absolutely graded group, we mean the
grading that it inherits from the absolute grading of the mapping cone that we
described above.
Since B+ ∼= CF+(S3), B+ ∼= T +d , where T +d ∼= F[U−1] = F[U,U−1]/UF[U ], d
signifies the grading of 1 and multiplication by U decreases the grading by 2. We
sometimes call this module the tower. When we are not interested in the absolute
grading we omit the subscript.
Recall that the short exact sequence
0 B+ X+i,p/q A+i,p/q(K) 0i
j
induces the exact triangle
A+i,p/q(K) B
+
H∗(X+i,p/q) ∼= HF+(S3p/q(K), i).
D+
i,p/q
j∗
i∗ (1)
All maps in these sequences are U -equivariant. This triangle is the main tool
in the calculations of the next section. In particular, if the surgery slope is pos-
itive, then the map D+i,p/q will be surjective, so the triangle above implies that
HF+(S3p/q(K), i)
∼= ker(D+i,p/q).
3. Calculations
In this section we want to use the mapping cone formula to calculate the Hee-
gaard Floer homology for the results of surgery on a knot in S3. Given a rational
homology sphere Y and s ∈ Spinc-structure, HF+(Y, s) = T +d ⊕HFred(Y, s), where
d = d(Y, s) is called the correction term and HFred(Y, s) is a finite-dimensional
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F[U ]-module annihilated by a big enough power of U , called the reduced Floer ho-
mology of Y in Spinc-structure s. The sum of these groups over all Spinc-structures
is called the reduced Floer homology of Y and is denoted by HFred(Y ).
We state a weaker version of [21, Theorem 2.3].
Theorem 11 (Ozsva´th-Szabo´). There is an integer N such that for all m ≥ N
and all i ∈ Z/mZ there is an isomorphism of relatively graded F[U ]-modules
A+k (K)
∼= HF+(Km, i),
where k ≡ i (mod m) and |k| ≤ m/2.
In particular, each A+k (K) is an HF
+ of a rational homology sphere in a cer-
tain Spinc-structure, hence by the previous paragraph we can decompose it as
A+k (K)
∼= ATk (K) ⊕Aredk (K), where Aredk (K) is a finite-dimensional vector space
in the kernel of some power of U and ATk (K)
∼= T +.
We will need to talk about the Euler characteristic of the groups Aredk (K), so
we need to fix an absolute Z/2Z-grading for them. We do so by requiring that for
the purposes of this grading each group ATk (K) lies entirely in grading 0 and then
using the relative Z/2Z-grading (induced by the parity of the relative Z-grading)
on A+k (K).
A rational homology sphere Y is called an L-space if HFred(Y, s) = 0 for all
Spinc-structures s. A knot K ⊂ S3 is called an L-space knot if some positive
surgery on it is an L-space. In fact it is known that a p/q surgery on an L-space
knot is an L-space if and only if p/q ≥ 2g(K) − 1 (g(K) is, as usual, the genus of
K). In particular, all large surgeries on L-space knots are L-spaces, hence for any
L-space knot K we have Aredk (K) = 0 for all k.
In the same way we can decompose the complexes of the exact triangle (1):
ATi,p/q(K) =
⊕
n∈Z
(n,ATb i+pnq c
(K)), Aredi,p/q(K) =
⊕
n∈Z
(n,Aredb i+pnq c
(K)).
We can also decompose the map D+i,p/q = D
T
i,p/q ⊕Dredi,p/q, where the first map
is the restriction of D+i,p/q to A
T
i,p/q(K) and the second one is the restriction to
Aredi,p/q(K). Note that for L-space knots D
+
i,p/q = D
T
i,p/q.
Now the restriction of vk (respectively hk) to A
T
k (K) is a multiplication by some
power of U . (This is because at large gradings these maps are isomorphisms.) We
denote this power by Vk (respectively Hk). Following are some useful properties of
Vk and Hk, see [10]:
• Vk ≥ Vk+1 for any k ∈ Z;
• Hk ≤ Hk+1 for any k ∈ Z;
• Vk = H−k for any k ∈ Z;
• Vk → +∞ as k → −∞;
• Hk → +∞ as k → +∞;
• Vk = 0 for k ≥ g(K);
• Hk = 0 for k ≤ −g(K).
In other words, Vk form a non-increasing unbounded sequence of non-negative
numbers, which become zero at g(K) and Hk = V−k.
We now separate into three different cases. Firstly, we cover the case of positive
surgery slope. Secondly, we treat negative surgeries. The third case is the zero
surgery.
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3.1. Positive surgeries. The next lemma is used to establish that DTi,p/q is sur-
jective when p/q > 0. We state it in a slightly more general form because in this
form it also applies to other manifolds.
Lemma 12. Let X = Y =
⊕
i∈Z(i, T +), X ′ =
⊕
i 6=0(i, T +) and maps
αi : (i, T +)→ (i, T +),
βi : (i, T +)→ (i+ 1, T +)
be multiplications by Uai and U bi respectively. Suppose further that
• there is a number N s.t. ai = 0 for i ≥ N , bi = 0 for i ≤ −N and
• ai → +∞ as i→ −∞, bi → +∞ as i→ +∞.
Define D to be the sum of the maps αi and βi. Then the restriction of D to X
′ is
surjective.
The setting here is very similar to the one described by Figure 1. Only we choose
one of the zig-zag complexes and all the groups in both the top and the bottom
row are the towers – see Figure 2.
Proof. This is essentially what Ni and Wu prove in [10, Lemma 2.8]. We will show
that for any n ≥ 0 and i ≤ 0, (i, U−n) is in the image of the restriction of D to X ′.
The conclusion will then follow by symmetry and linearity.
We clearly have (i, U−n) = βi−1(i − 1, U−n−bi−1). Define ξ = {(i, ξi)}i∈Z ∈ X ′
recursively by
ξs =

0 if s ≥ i,
U−n−bi−1 if s = i− 1,
(−1)s−i+1Uas+1−bs · ξs+1 otherwise.
In a way, after we set that ξs = 0 for s ≥ i, this is the only possible definition
(up to the kernel of D). This is because the arrow ‘slanted to the right’ has to be
used to cancel the rightmost element in the lower row, hence we know what element
in its co-domain we have to choose so that it indeed cancels. This tells us what
the image of the ‘vertical’ arrow is and hence what the next ‘slanted’ arrow has to
cancel etc.
Since we have as+1 − bs → +∞ as s → −∞, ξ only has a finite number of
non-zero coordinates and hence is a well-defined element of X ′. It is also easy to
see that D(ξ) = (i, U−n). 
Let τd(N) be a submodule of T +d generated by {U−n}0≤n≤N−1. As before, we
omit the subscript in the absence of the absolute grading.
The setting of the next lemma is less general, indeed we use more information
about the numbers Vk and Hk.
Lemma 13. To the assumptions of Lemma 12 add the following:
• (ai) is a non-increasing sequence;
• (bi) is a non-decreasing sequence;
• ai ≤ bi for i ≥ 0;
• ai ≥ bi for i < 0.
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Figure 2. Maps and groups of Lemmas 12 and 13
.
Put absolute gradings on X and Y by the rule that the maps αi and βi decrease it
by 1, the multiplication by U decreases it by 2 and 1 ∈ (0, T +) ⊂ Y has grading
d− 1, where d is some rational number.
Then if a0 ≥ b−1
ker(D) ∼= T +d−2a0
⊕
n≥1
τd−n (b−n)
⊕
n≥1
τd+n (an).
Otherwise
ker(D) ∼= T +d−2b−1
⊕
n≥2
τd−n (b−n)
⊕
n≥0
τd+n (an).
The isomorphisms are as absolutely graded F[U ]-modules. The numbers d±n
are defined by d±0 = d − 2 max{a0, b−1}, d−n+1 = d−n + 2(a−n − b−(n+1)) and
d+n+1 = d
+
n + 2(bn − an+1).
Proof. The two cases are completely analogous, so we will assume a0 ≥ b−1. First,
following [10, proof of Proposition 1.6] we define ρT : T +d−2a0 → ker(D) as follows.
If we write ρT (η) = {(s, ξs)}s∈Z, we set ξ0 = η and determine the other components
by
ξs =
{
−U bs−1−asξs−1 if s > 0,
−Uas+1−bsξs+1 if s < 0.
In effect, we want to simply send the tower to the tower in the 0-component of
the upper group. But it is not in the kernel of D, so we need to correct for that.
In fact, we also want the map to be an F[U ]-module homomorphism, which is the
reason for considering the cases a0 ≥ b−1 and a0 < b−1 separately.
Notice that we always multiply by a non-negative power of U : if s > 0, bs−1 ≥
as−1 ≥ as; if s = −1, this is the assumption a0 ≥ b−1; if s < −1, as+1 ≥ bs+1 ≥ bs.
Thus the map is indeed an F[U ]-module homomorphism.
As before, ξs = 0 if |s| is very big, so the map is well-defined. The map ρT is
one-to-one because its 0-component is (i.e. ξ0 = η). It is also graded correctly (i.e.
the map ρT sends homogeneous elements of absolute grading d to homogeneous
elements of grading d) because (0, U−a0) ∈ X is sent to (0, 1) ∈ Y by α0, which
has grading d − 1. Thus (0, 1) ∈ X has grading d − 2a0, since to descend from
(0, U−a0) ∈ X to (0, 1) ∈ X we need to multiply by Ua0 and multiplication by U
has grading −2.
We have identified the tower in the kernel. Now we need to deal with the rest
of it. Below we prove, that the rest of the kernel consist of the kernels of the maps
αi + βi for each i, except the one at which the tower is situated (i.e. i = 0). It is
easy to see, that the kernel of αi + βi is isomorphic to τ(min(ai, bi)).
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If ν = {(s, νs)}s∈Z ∈ ker(D), by subtracting elements in the image of ρT we
may assume that ν ∈ X ′, i.e. ν0 = 0. Without loss of generality there exists
s < 0 s.t. νs 6= 0. To finish the proof we need to show that U bs · νs = 0 (recall
that in this range bs ≤ as). Suppose this is not so and 0 6= U bs · νs. Since ν is
in the kernel, it has to be cancelled by something. It follows that we must have
βs(νs) + αs+1(νs+1) = 0. Thus 0 6= U bs · νs = −Uas+1νs+1 ⇒ 0 6= U bs+1νs+1, as
as+1 ≥ bs+1 if s < −1. By proceeding in this way it follows that ν0 6= 0, i.e. ν 6∈ X ′
– a contradiction. 
The two lemmas above can be readily translated into results about surgery. The
d-invariant formula (2) from the corollary below is [10, Proposition 1.6].
Corollary 14. If p/q > 0 the map DTi,p/q is surjective. It follows that so is D
+
i,p/q
and we conclude that HF+(S3p/q(K), i)
∼= ker(D+i,p/q).
If b iq c ≤ −b i−pq c, then
ker(DTi,p/q)
∼= T +d
⊕
n≥1
τd−n (Hb i−npq c)
⊕
n≥1
τd+n (Vb i+npq c).
Otherwise
ker(DTi,p/q)
∼= T +d
⊕
n≥2
τd−n (Hb i−npq c)
⊕
n≥0
τd+n (Vb i+npq c).
Here
d = d(S3p/q(K), i) = d(L(p, q), i)− 2 max{Vb iq c, Hb i−pq c}, (2)
and
d−n = d+ 2
n−1∑
k=0
(Vb i−kpq c −Hb i−(k+1)pq c),
d+n = d+ 2
n−1∑
k=0
(Hb i+kpq c − Vb i+(k+1)pq c).
Proof. This is a straightforward application of Theorem 10 and Lemmas 12 and
13 after renumbering of the groups and maps – objects numbered with b i+npq c
correspond to the ones numbered with n in Lemmas 12 and 13.
To fix the grading, note that the grading of B+ does not depend on the knot,
but only on the surgery slope. Thus to grade it we can take the unknot U . For the
unknot we have Vi = 0 for i ≥ 0 and Vi = i for i < 0. Hence 0 = Vb iq c ≥ Hb i−pq c = 0,
and by the the same argument as we used for an arbitrary knot, the grading of 1 in
(0,A+b iq c
(U)) is the d-invariant of the surgery, which we know to be d(L(p, q), i) in
this case. Since Vb iq c = 0, we find that the grading of 1 in (0,B
+) is d(L(p, q), i)−1.
This allows us to fix the d-invariants for all other knots.
We can fix d±n by the fact that the maps vk and hk reduce it by 1 and the
multiplication by U reduces it by 2. 
As we noted before, for L-space knots D+i,p/q = D
T
i,p/q. Let K be a knot and
∆K(T ) = a0 +
∑
i ai(T
i + T−i) be its symmetrised Alexander polynomial, with
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normalisation convention ∆K(1) = 1. Define its torsion coefficients ti(K) for i ≥ 0
by
ti(K) =
∑
j≥1
jai+j .
Clearly, if we know all the torsion coefficients, we know the Alexander polyno-
mial. For L-space knots, Vk = tk for k ≥ 0 (this follows, for example, from [22]), so
Corollary 14 determines the Heegaard Floer homology of positive surgeries on an
L-space knot in terms of its Alexander polynomial.
The next proposition expresses the Heegaard Floer homology of positive surgeries
for arbitrary knots in terms of data from CFK∞. This proposition is essentially
[11, Proposition 3.5].
Proposition 15. As absolutely graded vector spaces,
ker(D+i,p/q)
∼= ker(DTi,p/q)⊕ Aredi,p/q(K).
Moreover, ker(DTi,p/q) is actually a submodule of ker(D
+
i,p/q).
Proof. This is a straightforward exercise in linear algebra.
Given vector spaces U, V,W and linear maps ρU : U → W, ρV : V → W , such
that ρU is surjective, ker(ρU ⊕ ρV ) ∼= ker(ρU )⊕ V .
There exists a map ρ∗U : W → V such that ρU ◦ρ∗U = idW . In the graded situation
we can make ρ∗U send homogeneous elements to homogeneous elements. Then we
can define T : ker(ρU )⊕V → ker(ρU⊕ρV ) by T (x⊕y) = (x−ρ∗U ◦ρV (y))⊕y. Since
in our case ρU ⊕ ρV is graded, T is an isomorphism of graded vector spaces. 
Let
As(K) =
⊕
k∈Z
Aredk (K).
This is a finite-dimensional vector space, as each Aredk (K) is and A
red
k (K) = 0
for |k| ≥ g(K). We define δ(K) = dim(As(K)). Note that δ(K) = 0 ⇔ K is an
L-space knot. The following proposition (which generalises [10, Proposition 5.3]) is
[11, Corollary 3.6].
Proposition 16. Let K ⊂ S3 be a knot and p/q > 0. Then
dim(HFred(S
3
p/q(K))) = qδ(K) + qV0 + 2q
g−1∑
i=1
Vi −
p−1∑
i=0
max(Vb iq c, Hb i−pq c). (3)
Proof. Since
dim(HFred(S
3
p/q(K))) =
p−1∑
i=0
dim(HFred(S
3
p/q(K), i)),
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combining Proposition 15 and Corollary 14 we see that
dim(HFred(S
3
p/q(K))) =
=
∑
i∈Z
dim(Aredb iq c(K)) +
∑
i≥0
Vb iq c +
∑
i≥1
Hb−iq c −
p−1∑
i=0
max(Vb iq c, Hb i−pq c) =
= q
∑
k∈Z
dim(Aredk (K)) + q
g−1∑
i=0
Vi + q
−1∑
i=−(g−1)
Hi −
p−1∑
i=0
max(Vb iq c, Hb i−pq c) =
= qδ(K) + qV0 + 2q
g−1∑
i=1
Vi −
p−1∑
i=0
max(Vb iq c, Hb i−pq c).

Now we are ready to prove Theorem 7.
Theorem 7. Suppose K is a non-trivial knot and Y = S3p/q(K). Then
|q| ≤ |H1(Y )|+ dim(HFred(Y )).
Proof. This is an easy consequence of Ni-Zhang’s formula of Proposition 16 (by
taking the mirror image we may assume p/q > 0). We have
dim(HFred(S
3
p/q(K))) +
p−1∑
i=0
max(Vb iq c, Hb i−pq c) =
= qδ(K) + qV0 + 2q
g−1∑
i=1
Vi ≥ q(δ(K) + V0).
Recall that δ(K) = dim(As(K)), so it is non-negative and δ(K) = 0 if and only
if K is an L-space knot, in which case Vk = 0 if and only if k ≥ g(K), so for
non-trivial L-space knots V0 6= 0. If V0 = 0 then all V ’s (and H’s) are zero and as
δ(K) 6= 0 by the previous sentence, we clearly get q ≤ dim(HFred(S3p/q(K))).
So suppose V0 6= 0. Then
dim(HFred(S
3
p/q(K))) + pV0 ≥
≥ dim(HFred(S3p/q(K))) +
p−1∑
i=0
max(Vb iq c, Hb i−pq c) ≥ q(δ(K) + V0).
Finally we have
q ≤
dim(HFred(S
3
p/q(K))) + pV0
δ(K) + V0
=
dim(HFred(S
3
p/q(K)))
δ(K) + V0
+
pV0
δ(K) + V0
≤ dim(HFred(S3p/q(K))) + p.

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3.2. Negative surgeries. In the case when p/q < 0 the map D+i,p/q is no longer
surjective. However, we can show that the cokernel consists of exactly the tower
part and the kernel is the reduced Floer homology HFred(S
3
p/q(K), i). We start
with a general lemma, which is similar to Lemmas 12 and 13. The main difference
is in that the βi maps go to the groups labelled with a smaller index.
Lemma 17. Let X = Y =
⊕
i∈Z(i, T +) and maps αi : (i, T +) → (i, T +),
βi : (i, T +) → (i − 1, T +) be multiplications by Uai and U bi respectively. Suppose
further that ai, bi have the following properties.
• There is a number N s.t. ai = 0 for i ≥ N , bi = 0 for i ≤ −N ;
• ai → +∞ as i→ −∞, bi → +∞ as i→ +∞;
• ai ≥ bi for i < 0, ai ≤ bi for i ≥ 0.
Then no element of (−1, T +) ⊂ Y is in the image of D and (−1, T +) ⊂ Y generates
the cokernel of D. The kernel of D has the following form.
ker(D) ∼=
⊕
i∈Z
τ(min(ai, bi)).
Proof. As all of the maps αi, βi are surjective, it is easy to see that the cokernel of
D is generated by the (equivalence classes of) elements in any one of (i, T +) ⊂ Y .
Suppose η = {(s, ηs)}s∈Z = D(ξ) with ηs = 0 for s 6= −1. Let ξ = {(s, ξs)}s∈Z.
Without loss of generality (by symmetry) we may assume that α−1(ξ−1) 6= 0.
Since a−1 ≥ b−1 it follows that β−1(ξ−1) 6= 0. Since η−2 = 0 = β−1(ξ−1)+α−2(ξ−2),
we have α−2(ξ−2) 6= 0⇒ ξ−2 6= 0. Continuing in the same way we conclude that ξ
is not supported on a finite set and hence no such ξ can exist.
Similarly to the proof of Lemma 13, we want to show that the kernel of D
separates into the kernels of maps αi + βi. This will finish the proof.
Now let ξ = {(s, ξs)}s∈Z ∈ ker(D). As before, without the loss of general-
ity we assume there is n < 0 such that βn(ξn) 6= 0. Then αn−1(ξn−1) 6= 0, so
βn−1(ξn−1) 6= 0. Proceeding inductively we again reach a contradiction to ξ being
finitely supported. 
The previous lemma describes the action of DTi,p/q when p/q < 0. We make this
explicit in the next lemma.
Lemma 18. Let p < 0, q > 0. Then
coker(DTi,p/q)
∼= T +d ,
where d = d(L(p, q), i).
ker(DTi,p/q)
∼=
⊕
n≥1
τd−n (Hb i−npq c)
⊕
n≥0
τd+n (Vb i+npq c).
Here d+0 = d + 1 − 2Hb iq c, d−n = d
+
0 + 2
∑n−1
k=0(Vb i−kpq c − Hb i−(k+1)pq c),
d+n = d
+
0 + 2
∑n−1
k=0(Hb i+kpq c − Vb i+(k+1)pq c).
Proof. This is a straightforward application of Lemma 17. Objects that are labelled
with b i+npq c in the mapping cone correspond to the ones labelled with −n in Lemma
17. In particular take, an = Vb i−npq c, bn = Hb i−npq c. The grading comes from the
fact that this works in the same way for the unknot (the towers in the cokernel
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coincide for all knots). Just as in Corollary 14 we get the values of d±n by the fact
that the maps vk, hk have grading −1 and the multiplication by U has grading −2.

Just as Corollary 14 is sufficient for positive surgeries on L-space knots, so is
Lemma 18 for negative surgeries on L-space knots. We observe that in this case
the Alexander polynomial also determines the Heegaard Floer homology of the
surgeries. Lemma 18 also implies that negative p/q surgeries on L-space knots have
the same d-invariants as the lens space L(p, q), so do not depend on the particular
L-space knot. The next proposition extends our analysis to arbitrary knots.
Proposition 19. Let p < 0, q > 0. As absolutely graded F[U ]-modules
coker(D+i,p/q)
∼= T +d .
As absolutely graded vector spaces
HFred(S
3
p/q(K), i)
∼= ker(D+i,p/q) ∼= ker(DTi,p/q)⊕A,
where Aredi,p/q(K) ∼= A⊕ τδ(Ni,p/q), δ = d(L(p, q), i) + 1 and Ni,p/q is characterised
by
d = d(S3p/q(K), i) = d(L(p, q), i) + 2Ni,p/q.
In fact, Ni,p/q = max{V b iq c, Hb i+pq c}, where V k, Hk are for the mirror image
of K the same as Vk, Hk are for K.
Proof. Recall that no element in (−1,B+) is in the image of the map DTi,p/q. Since
Aredi,p/q(K) lies in the kernel of the multiplication by a big enough power of U , so is
its image under D+i,p/q. Hence D
+
i,p/q only ’chops off’ a finite piece of the tower.
More precisely, let N be the largest integer such that U−N+1 ∈ (−1,B+) appears
as a term of some element η in the image of D+i,p/q.
We claim that then U−N+k is also in the image for all k ≥ 1. This is easily seen
by an inductive argument: 1 is in the image, as 1 = UN−1η; U−1 is, because 1 is
and UN−2η is. Proceeding in the same way we establish the claim.
Thus the cokernel of D+i,p/q is generated by U
−N−k for k ≥ 0, none of which are
in its image. Thus the map i∗ from the exact triangle (1) injects 〈{U−N−k}k≥0〉F
into HF+(S3p/q(K), i). Since U
−N+1 ∈ (−1,B+) is in the image of D+i,p/q, it is in
the kernel of i∗ and we have U · i∗(U−N ) = 0. Hence the image of i∗ is exactly
the tower T +d with d = d(S3p/q(K), i). By Lemma 18, 1 ∈ (−1,B+) has grading
d(L(p, q), i), so d(S3p/q(K), i) = d(L(p, q), i) + 2N .
By the First Isomorphism Theorem and exactness of (1)
ker(D+i,p/q) = im(j∗) ∼= HF+(S3p/q(K), i)/ ker(j∗) = HF+(S3p/q(K), i)/im(i∗).
Since im(i∗) is the tower, we have
ker(D+i,p/q)
∼= HF+(S3p/q(K), i)/im(i∗) ∼= HFred(S3p/q(K), i).
The rest is just linear algebra again. We can split Aredi,p/q(K) into the part that
goes isomorphically to the base of the tower, which is not in the image of DTi,p/q
(i.e. (−1,B+) ∩ im(D+i,p/q)) and the part that goes into the image of DTi,p/q. We
then proceed as in the proof of Proposition 15.
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The fact that Ni,p/q = max{V b iq c, Hb i−pq c} follows from taking the mirror image
of K and comparing with the already obtained formula for the correction terms
from Corollary 14. We have
2Ni,p/q = d(S
3
p/q(K), i)− d(L(p, q), i) =
= −d(S3−p/q(m(K)), i) + d(L(−p, q), i) = max{V b iq c, Hb i+pq c},
where m(K) is the mirror image of K. 
We can also express the total rank of HFred(S
3
p/q(K), i) as follows.
Proposition 20. We have
dim(HFred(S
3
p/q(K))) = qδ(K) + qV0 + 2q
g−1∑
i=1
Vi −
p−1∑
i=0
Ni,p/q.
Proof. The proof is virtually the same as for Proposition 16. 
3.3. Zero surgeries. We now treat the case of zero surgeries. For the case of L-
space knots the formula for the Heegaard Floer homology of the zero surgery was
derived in [13, Theorem 7.2]. The main tool we use is [17, Theorem 9.19]:
Theorem 21 (Ozsva´th-Szabo´). There is a U -equivariant exact triangle
HF+(S3)
⊕
j≡i(mod m)
HF+(S30(K), j)
HF+(S3m(K), i).
F+;i
F+m;i
F+0;i
(4)
Moreover, the map F+m;i is equal to the one induced by the surgery cobordism.
Given i we can make m in (4) so big that⊕
j≡i(mod m)
HF+(S30(K), j) = HF
+(S30(K), i).
From now on we assume that m is at least that large.
The group A+0 (K)
∼= AT0 (K)⊕Ared0 (K) is relatively Z-graded. If we fix an abso-
lute Q-grading for any element of A+0 (K), the relative grading will fix the absolute
grading for all the elements. In particular, it will absolutely grade Ared0 (K).
In the statement of the next proposition (but not necessarily in the proof), we
use the grading of Ared0 (K) induced by grading the tower A
T
0 (K) in such a way
that the grading of 1 is 12 − 2V0.
Proposition 22. Let k 6= 0. Then as Z/2Z-graded vector spaces
HF+(S30(K), k)
∼= τ(V|k|)⊕Aredk (K). (5)
As absolutely Q-graded vector spaces
HF+(S30(K), 0)
∼= T +− 12+2V 0 ⊕ T
+
1
2−2V0
⊕A. (6)
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Here A ⊕ τ1/2(V0) ∼= Ared0 (K) as absolutely graded vector spaces, where the
absolute grading of Ared0 (K) is as described above.
Proof. The first part is immediate from [13, proof of Theorem 7.2]. Note that
HF+(S3m(K), k)
∼= T ⊕Aredk (K) (recall that we are assuming that m is large). In
[13, proof of Theorem 7.2] Ozsva´th and Szabo´ show that the restriction of F+m;i to
the tower part is surjective and its kernel is F[U−1]/U−V|k| . So we are done by the
same elementary linear algebra as in the proof of Proposition 15.
For the second part, note that we can assign absolute gradings as we are dealing
with a torsion Spinc-structure. As shown in [17, Theorem 10.4], HF∞(S30(K), 0) is
a direct sum of two copies of Z[U,U−1] that lie in different relative Z/2Z-gradings.
This is equivalent to saying that the difference of the absolute gradings between
the elements from the different summands is always odd. As in the case of rational
homology spheres, the exact sequence
. . .→ HF−(Y, s)→ HF∞(Y, s)→ HF+(Y, s)→ . . .
establishes that
HF+(S30(K), 0)
∼= Td1 ⊕ Td2 ⊕A,
where A = HFred(S30(K), 0) is a finitely generated F[U ]-module in the kernel of
some large enough power of U .
In fact, combining [13, Proposition 4.12] with the d-invariant formula of Ni-Wu
stated in Corollary 14 we obtain d1 = − 12 + 2V 0, d2 = 12 − 2V0.
The last step in the proof is determining A. The maps F+;0 and F+0;0 from the
exact triangle (4) have gradings − 12 and m−34 respectively by [13, Lemma 7.11].
The map F+m;0 is not graded but is a sum of graded maps, and the set of grading
shifts of these maps is { 1−m(2k−1)24 }k∈Z.
Since HF+(S3) ∼= T +0 and the grading of the map F+;0 is − 12 , T +1
2−2V0
is not in the
image of F+;0 , hence the map F
+
0;0 is an isomorphism between T +1
2−2V0
and the tower
part of HF+(S3m(K), 0), which is equal to T +m−1
4 −2V0
by Proposition 15. Hence
the restriction of the map F+m;0 to the tower part of HF
+(S3m(K), 0) is zero. As
in the proof of Proposition 19, the restriction of F+m;0 to HFred(S
3
m(K), 0) maps a
subgroup of the form τ(N) isomorphically to the base of the tower HF+(S3) ∼= T +0 .
By the grading considerations again we see that N = V 0.
Recall from Proposition 15 that HF+(S3m(K), 0)
∼= T +m−1
4 −2V0
⊕ Ared0 (K) (the
grading here is such that the relative grading is as it should be). Let the maximal
grading of a non-trivial element in Ared0 (K) be
m−1
4 − 2V0 + C.
Consider one homogeneous summand of F+m;0 with grading
1−m(2k−1)2
4 . It maps
the element of Ared0 (K) of maximal grading to an element with grading
m− 1
4
− 2V0 + C + 1−m(2k − 1)
2
4
=
m(1− (2k − 1)2)− 8V0 + 4C
4
.
If k 6= 0, 1 we have 1 − (2k − 1)2 < 0 and so by making m sufficiently large we
can make sure that m(1−(2k−1)
2)−8V0+4C
4 < 0 and as all non-trivial elements in the
image have grading ≥ 0 this means that all components with k 6= 0, 1 are zero.
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Thus we can assume that the map F+m;0 has grading
1−m
4 . As discussed above
the map F+m;0 maps a subgroup of A
red
0 (K) of the form τ(V 0) isomorphically to
such a subgroup at the lower end of the tower HF+(S3) ∼= T +0 . Therefore 1 in
τ(V 0) must have grading
m−1
4 .
The rest of Ared0 (K) will be in the kernel of F
+
m;0 and thus in the image of A by
F+0;0. Now noting that the grading of the map F
+
0;0 is
m−3
4 finishes the proof. 
Torsion coefficients of the Alexander polynomial of a knot describe the Euler
characteristics of the groups Aredk (K), which we can see for example by combining
Theorems 10.14 and 10.17 of [17] (though a more direct proof is also possible). This
has also been shown in [11, Lemma 3.2].
Lemma 23. For k ≥ 0
tk(K) = Vk + χ(A
red
k (K)). (7)
Recall that the absolute Z/2Z grading used to calculate the Euler characteristics
here is fixed by the requirement that the tower ATk (K) lies entirely in grading 0.
4. Proof of Theorem 2
In this section we prove
Theorem 2. Let Y be a 3-manifold. There are at most finitely many alternating
knots K ⊂ S3 such that Y = S3p/q(K).
The strategy of our proof is as follows. We first want to restrict the possible
Alexander polynomials of knots that yield a given 3-manifold Y by surgery. We
then want to show that out of this restricted set, only finitely many can be Alexan-
der polynomials of alternating knots. This will finish the proof, due to the next
Proposition, which can be found in [8, Proposition 5.1]. We provide the proof for
the reader’s convenience (and since it is nice and short).
Proposition 24 (Moore-Starkston). There is only a finite number of alternating
knots with a given Alexander polynomial.
Proof. By the Bankwitz Theorem [1, Theorem 5.5] the determinant det(K) of an
alternating knot K is greater than or equal to the minimal crossing number of
K. Thus there are only finitely many alternating knots with a given determinant.
The classical result [25, page 213] (or definition) det(K) = |∆K(−1)| finishes the
proof. 
For a knot K ⊂ S3, let m(K) be its mirror image. Clearly, K is alternating
if and only if m(K) is. Since S3p/q(K) = −S3−p/q(m(K)) we can assume that the
surgery slope is positive (if non-zero).
For Y a rational homology sphere and q > 0 a natural number define
M(Y, q) =
1
2
(
∑
0≤i≤p−1
d(L(p, q), i)−
∑
s∈Spinc(Y )
d(Y, s)),
where p = |H1(Y )|.
Theorem 7 shows that for any rational homology sphere Y there is some number
n(Y ) such that Y 6= S3p/q(K) for any K and |q| > n(Y ).
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If Y is obtained by p/q > 0 surgery on K, then by (2) the numbers Vk for K
satisfy
M(Y, q) =
p−1∑
i=0
max{Vb iq c, V−b i−pq c}.
Combining this with Proposition 16 we get
dim(HFred(S
3
p/q(K))) +M(S
3
p/q(K), q) = q(δ(K) + V0 + 2
∑
i≥1
Vi).
This formula implies the following inequality:
dim(HFred(S
3
p/q(K))) +M(S
3
p/q(K), q)
q
≥
∑
k≥0
(Vk + dim(A
+
k (K))).
Now let
c(Y ) = max
1≤q≤n(Y )
{dim(HFred(Y )) +M(Y, q)
q
}.
The inequality above implies, that if a rational homology sphere Y is obtained
by surgery on a knot K with associated sequence {Vk}k≥0, then
c(Y ) ≥
∑
k≥0
(Vk + dim(A
+
k (K))). (8)
Lemma 25. Suppose Y is a rational homology sphere obtained by a p/q > 0 surgery
on a knot K ⊂ S3. Then ∑
i≥0
|ti(K)| ≤ c(Y ). (9)
Proof. It follows from Lemma 23 that for each k ≥ 0
|tk(K)| = |Vk + χ(A+k (K))| ≤ Vk + |χ(A+k (K))| ≤ Vk + dim(A+k (K)).
Combining with equation (8) yields the result. 
Let SY be some set of knots in S
3 that give a rational homology sphere Y by
surgery (not necessarily all such knots and not necessarily alternating). Denote by
g(SY ) (∆(SY ) respectively) the set of genera (Alexander polynomials respectively)
of knots in SY .
Lemma 26. If g(SY ) is finite, then so is ∆(SY ).
Proof. We clearly have ti(K) = 0 for all K ∈ SY and all i ≥ max(g(SY )). By
Lemma 25,
∑
i≥0 |ti(K)| is bounded above, so we clearly have finitely many se-
quences {ti(K)} for K ∈ SY . Now observe that the torsion coefficients determine
the Alexander polynomial so this results in at most finitely many possible Alexander
polynomials. 
A theorem of Murasugi [9, Theorem 1.1] is crucial for our proof:
Theorem 27 (Murasugi). Let K ⊂ S3 be an alternating knot and
∆K(T ) = a0 +
g(K)∑
i=1
ai(T
i + T−i)
be its Alexander polynomial. Then ai 6= 0 for 0 ≤ i ≤ g(K).
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The next Lemma is the last step before we can prove Theorem 2.
Lemma 28. Let K ⊂ S3 be an alternating knot that gives a rational homology
sphere Y by surgery. Then
g(K) ≤ 3c(Y ).
Proof. Suppose g(K) ≥ 3c(Y ) + 1. Note that ag = tg−1(K) 6= 0. We claim that
there are three consecutive indices i, i + 1 and i + 2 ≤ g with ti(K) = ti+1(K) =
ti+2(K) = 0. It then follows that ai+1 = 0, which is a contradiction to Theorem
27.
To prove the claim suppose there is no such consecutive triple of zero torsion
coefficients. Then∑
i≥0
|ti(K)| =
∑
k≥0
(|t3k(K)|+ |t3k+1(K)|+ |t3k+2(K)|) ≥ bg − 1
3
c+ 1 ≥ c(Y ) + 1,
which contradicts Lemma 25.
We have thus established that g ≤ 3c(Y ). 
Proof of Theorem 2. Suppose Y is a rational homology sphere. Then by Lemma 28
there is a genus bound for alternating knots that give Y by surgery, so by Lemma
26 the set of Alexander polynomials of such alternating knots is finite.
If Y is obtained by 0-surgery onK, then Propositions 10.14 and 10.17 of [17] show
that the Alexander polynomial of K can be deduced directly from the Heegaard
Floer homology of Y .
Proposition 24 now finishes the proof. 
5. The genus bound
We now turn to the proof of Theorem 3, which we restate here.
Theorem 3. For any knot K ⊂ S3 and any p/q ∈ Q we have
Ug(K)+dg4(K)/2e ·HFred(S3p/q(K)) = 0.
Lemma 29. Let K be a knot in S3 with genus g. Then for any k ∈ Z
Ug ·Aredk (K) = 0.
Proof. By the conjugation symmetry we may assume that k ≥ 0. Let C =
CFK∞(K), ∆k = C{i < 0 and j ≥ k}. This is a subquotient of C (i.e. a subcom-
plex of a quotient). Note that Ug ·∆k = 0, as this is the maximal possible ’height’
of this complex. We illustrate the complexes ∆k, A
+
k (K), B
+ in Figure 3.
We have an exact sequence
0→ ∆k → A+k (K)→ B+ → 0
which leads to an exact U -equivariant triangle
H∗(∆k) A+k (K)
B+.
i∗
vk
(10)
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Since vk is surjective we in fact have a short exact sequence
0→ H∗(∆k)→ A+k (K)→ B+ → 0,
so H∗(∆k) ∼= ker(vk) and hence Ug · ker(vk) = 0.
Recall that A+k (K) = A
T
k (K) ⊕Aredk (K) and similarly we can decompose the
map vk = v
T
k ⊕ vredk into components. The map vTk is surjective. We claim
that Aredk (K)
∼= ker(vk)/ ker(vTk ). From this the conclusion of the Lemma follows
immediately.
To prove the claim we construct an isomorphism from ker(vk)/ ker(v
T
k ) to
Aredk (K). Let x ∈ ker(vk) \ ker(vTk ). Then send an equivalence class of x to
Aredk (K) by projection. This map is well-defined, because two different elements
with the same projection are in ker(vTk ). Clearly this is also a surjective F[U ]-
module homomorphism. 
Figure 3. Complexes ∆k, A
+
k (K) and B
+ inside CFK∞
The previous lemma clearly implies
Corollary 30. The following relation holds:
Ug · Aredi,p/q(K) = 0.
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Proof of Theorem 3. Note that by [23, Theorem 2.3] we have V0 ≤ d g4(K)2 e.
If the slope is negative the reduced part is exactly equal to the kernel of D+i,p/q.
So suppose x ∈ ker(D+i,p/q). By Corollary 30, Ug · x ∈ ker(DTi,p/q). But by Lemma
18 the kernel of DTi,p/q consist of the summands of the type τ(N) with N ≤ V0 ≤
d g4(K)2 e, so Ud
g4(K)
2 e · ker(DTi,p/q) = 0.
Now suppose the slope is positive. If we assume that x ∈ ker(D+i,p/q) then we
still have Ug · x ∈ ker(DTi,p/q) and Ud
g4(K)
2 e · ker(DTi,p/q) is contained in the tower
part by Corollary 14.
Similarly, the case of zero surgery follows immediately from Proposition 22. This
finishes the proof. 
Since by Corollary 14 and Lemma 18 the reduced Floer homology of surgeries
on L-space knots consists only of a direct sum of F[U ]-modules of the form τ(Vk),
we see that if K is an L-space knot, then Udg4(K)/2e ·HFred(S3p/q(K)) = 0.
In order to construct examples for which this genus bound gets arbitrarily large,
note that every negative surgery on a knot contains a summand of the form τ(V0).
So if V0 is large, the genus bound will also be large, independent of the absolute
value of the negative slope we use. In particular, we can choose any order of the
first homology we like.
For L-space knots, V0 = t0 can be read from the Alexander polynomial, in
particular this is true for torus knots Tp,q with p, q > 0.
Suppose we have an L-space knot K with Alexander polynomial
∆K(T ) = a0 +
g∑
i=1
ai(T
i + T−i).
Then the coefficients alternate between 1 and −1, with the first non-trivial co-
efficient being 1 [20, Theorem 1.2]. So we clearly have
t0 ≥ #{ai = 1, i > 0} ≥ #{ai 6= 0} − 1
4
≥ ∆K(−1)− 1
4
.
Consider the torus knots Tp,2 for p positive odd. They have Alexander polyno-
mials of the form
(T 2p − 1)(T − 1)
(T p − 1)(T 2 − 1) = T
p−1 − T p−2 + . . .+ 1,
which evaluates to p at −1.
Moreover, these examples are actually negatively oriented (see next section)
small Seifert Fibred spaces, which is interesting in light of the next section.
We note that a result similar to Theorem 3 can be obtained for a knot in any
L-space rational homology sphere, the bound being in terms of the width of the
knot Floer homology rather than the genus.
6. Seifert fibred surgery
The aim of this section is to prove
Theorem 5. Let K ⊂ S3 be a knot. Suppose there is a rational number p/q > 0
such that Y = S3p/q(K) is a negatively oriented Seifert fibred space. Then
• Ug(K) ·HFred(Y ) = 0;
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• if 0 < p/q ≤ 3, then all the torsion coefficients ti(K) are non-positive
(including t0(K)) and deg ∆K = g(K);
• more generally, if i ≥ b dp/qe−
√
dp/qe
2 c, then ti is non-positive;
• if g(K) > b dp/qe−
√
dp/qe
2 c, then deg ∆K = g(K);
• if Ub|H1(Y )|/2c ·HFred(Y ) 6= 0 then deg ∆K = g(K).
In all statements where deg ∆K = g(K) we have that ĤFK(K, g(K)) is sup-
ported in odd degrees.
Proof. First we need to define the Seifert orientation for Seifert fibred spaces. Fol-
lowing [19] we say that Y has positive Seifert orientation if −Y bounds W (Γ), where
Γ is a weighted tree which has either negative-definite or negative-semi-definite in-
tersection form. For the construction of the 4-manifold W (Γ) from the weighted
tree Γ see [14]. We say that Y has negative Seifert orientation if −Y has positive
Seifert orientation.
Using [14, Corollary 1.4] (together with the inversion of the absolute Z/2Z-
grading on the reduced homology upon reversing the orientation) we can see that
if Y has a negative Seifert orientation, then its reduced Floer homology is concen-
trated in the odd Z/2Z-grading and that it bounds a negative-definite 4-manifold
with torsion free first homology group.
Lemma 31. Let K ⊂ S3 be a knot. Suppose there is a rational number p/q > 0
such that Y = S3p/q(K) is a negatively oriented Seifert fibred space. Then A
red
k (K)
is supported in odd Z/2Z grading for every k.
Proof of Lemma 31. As an absolutely Z/2Z-graded group, each Aredk (K) is a sub-
group of HFred(S
3
p/q(K)) by Proposition 15. Since HFred(S
3
p/q(K)) is supported
in odd grading, so must each Aredk (K). 
Denote by g˜ the minimal index i for which Vi = 0. As previously, denote by ai
the coefficient of the Alexander polynomial of K corresponding to T i. If g˜ < g(K),
then by Lemma 23
ag(K) = tg(K)−1 = χ(A
red
g(K)−1), (11)
so, in particular, if all Aredk (K) are supported in the same Z/2Z-grading, then
ag(K) 6= 0, since in this case
Aredg(K)−1 ∼= HF+(S30(K), g − 1) ∼= ĤFK(K, g(K)) 6= 0.
It follows that in this case deg(∆K) = g(K) and ĤFK(K, g(K)) is supported
in odd degrees.
Moreover, if g˜ = 0, then Vk = 0 for all k ≥ 0, so that
tk = χ(A
red
k (K)) ≤ 0.
We now need to establish conditions which ensure that g˜ = 0 or g˜ < g(K).
In [7, Lemma 2.3] McCoy slightly modifies the proof of [2, Theorem 1.1] by
Greene to show that if S3p/q(K) bounds a negative-definite 4-manifold with torsion-
free first homology, then
2g˜ ≤ n−√n,
where n = dpq e.
It follows, that if p/q ≤ 3, then g˜ = 0.
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More generally, if i ≥ bn−
√
n
2 c, where n = dpq e, then i ≥ g˜ and hence Vi = 0. It
follows that ti = χ(A
red
i (K)) ≤ 0. If g(K) > b dp/qe−
√
dp/qe
2 c, then g(K) > g˜ as
well.
For the improvement of the genus bound, notice that all the summands of
HFred(S
3
p/q(K)) coming from Vi’s (i.e. of the form τ(Vi)) are situated in the even
grading and therefore must vanish. It now follows from the proof of Theorem 3
that Ug(K) ·HFred(S3p/q(K)) = 0.
Now if Ub|H1(Y )|/2c · HFred(S3p/q(K)) 6= 0, then b|H1(Y )|/2c ≤ g(K) − 1, so
|H1(Y )|+1
2 ≤ g(K). On the other hand,
g˜ ≤ dp/qe −
√dp/qe
2
<
p/q + 1
2
≤ p+ 1
2
=
|H1(Y )|+ 1
2
≤ g(K).
It follows from (11), that deg(∆K) = g(K). 
We end this section with the following
Question 32. Does there exist a knot K ⊂ S3 with deg(∆K) 6= g(K) and with a
Seifert fibred surgery?
7. Some other applications of the mapping cone formula
In this section, we demonstrate some other applications of the results obtained
in Section 3.
Theorem 8. Let K be an L-space knot and p/q ≤ 1 a rational number. Then
S3p/q(K) and p/q determine the Alexander polynomial of K.
Proof. If the slope is zero this is immediate from Proposition 22. If the slope is
negative this also easily follows from Lemma 18 – by looking at HFred(S
3
p/q(K))
we can work out a sequence of numbers that represents all the torsion coefficients
with some repetitions (they are orders of cyclic F[U ]-modules). But we know the
number of repetitions because we know the slope. From this we deduce all the
torsion coefficients (in the correct order, as they form a monotone sequence), and
hence the Alexander polynomial.
If the slope is in the interval (0, 1] the reasoning is the same – Corollary 14
allows us to work out the torsion coefficients, since we know how many times each
occurs. The only torsion coefficient we might not be able to work out from the
module structure of HFred(S
3
p/q(K)) is t0 if the slope is 1. But in this case, it can
be worked out from the d-invariant formula of Ni-Wu from Corollary 14. 
Sometimes we can work out a lot about the Heegaard Floer homology associated
to a knot from a surgery on it even if it is not an L-space knot.
Proposition 33. The small Seifert Fibred space Y = S2((2, 1), (6,−1), (7,−2))
can only be obtained by (−4)-surgery. All knots producing it are non-L-space knots.
Proof. We find the HF+ of this space using the computer program HFNem2 by
C¸ag˘rı Karakurt3. There are four Spinc-structures{si}3i=0 and HF+ in them have
the form
3At the time of writing available for download at https://www.ma.utexas.edu/users/
karakurt/
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HF+(Y, s0) ∼= T−3/4
HF+(Y, s1) ∼= T0 ⊕ τ0(1)
HF+(Y, s2) ∼= T1/4
HF+(Y, s3) ∼= T0 ⊕ τ0(1)
Using Theorem 7 we can restrict the possible slopes to {±4,±4/3,±4/5}. Calcu-
lating the correction terms of L(4, 1) = L(4,−3) = L(4, 5) and L(4,−1) = L(4, 3) =
L(4,−5) we notice that only L(4,−1) has correction terms such that the difference
of each of them with some correction term of Y is an integer. This means that the
slope has to be in {−4, 4/3,−4/5}.
We also notice that the d-invariants of Y coincide exactly with the d-invariants of
the lens space L(4,−1). By the d-invariant formula (2) we conclude that V0 = 0. A
similar argument using the d-invariant formula for negative surgeries in Proposition
19 establishes that V0 = 0.
Now using the total dimension formuli of Propositions 16 and 20 we conclude
2 = dim(HFred(S
3
p/q(K))) = qδ(K),
which is impossible for q = 3 or q = −5.
Comparing the labelling of Spinc-structures we see that the order in which we
listed HF+(Y, i) above corresponds to i = 0, 1, 2 and 3.
If Y could be obtained by (−4)-surgery on an L-space knot, then the fact that
V0 = 0 would imply that its genus is zero, i.e. it is the unknot. However, Y is not
a lens space. 
It seems worth noticing that in fact there are infinitely many knots Kn that
produce Y from the proposition above – see [26]. In fact, K0 = 942.
p
q -surgeries on
these knots have rather similar Floer homologies, in particular, all the correction
terms are the same (and coincide with the correction terms of the lens space L(p, q))
and the total rank of reduced Floer homology is 2q.
Moreover, we can work out the Heegaard Floer homology of all surgeries on
these knots and their Alexander polynomials. Teragaito mentions in [26, Remark
6.1] that Kn has genus 2n+ 2. In [16, Corollary 4.5] it is shown that
ĤFK(K, g(K)) ∼= HF+(S30(K), g − 1)
so it is non-trivial by Theorem 9 and thus by Proposition 22 and the fact that
for present examples V0 = 0 we get that A
red
±(g(K)−1) have to be non-trivial. By
description of the Heegaard Floer homology of Y in the proof of Prooposition 33
we conclude that Ared2n+1(Kn) = A
red
−(2n+1)(Kn) = τ(1) and A
red
k (Kn) = 0 for any
k 6= ±2n + 1. Using Proposition 19 we can also fix the gradings and then using
results from section 3 deduce the Heegaard Floer homology of all surgeries on these
knots.
Proposition 34. The Alexander polynomial of K0 is −1+2(T+T−1)−(T 2+T−2).
For n 6= 0 the Alexander polynomial is given by
∆Kn(T ) = 1− (T 2n + T−2n) + 2(T 2n+1 + T−(2n+1))− (T 2n+2 + T−(2n+2)).
Proof. From the discussion above, V0 = 0 and the only non-trivial A
red
k (K)’s are
Ared2n+1(Kn) = A
red
−(2n+1)(Kn) = τ(1). Moreover, since the reduced parts of the
Heegaard Floer homology of (−4)-surgery are in absolute Z/2Z-grading 0, it means
that Ared±(2n+1) are in grading 1. (We can see from the description of the absolute
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grading on the mapping cone and Lemma 18 that for negative surgeries the Z/2Z-
grading of A+i,p/q(K) switches from what we have defined it to be in the mapping
cone.) Now Lemma 23 implies that t2n+1 = −1 and ti = 0 for all other i ≥ 0. 
By a straightforward argument involving Z/2Z-grading considerations and di-
mension count it is not difficult to establish that in fact for n > 0
ĤFK(Kn, 2n+ 2) ∼= ĤFK(Kn, 2n) ∼= F and ĤFK(Kn, 2n+ 1) ∼= F2.
7.1. Property S. Heegaard Floer homology has been very successful in restricting
cosmetic surgeries on knots in S3 (see [10], [22], [27]). In this subsection, we define
a class of knots that do not admit purely cosmetic surgeries.
Definition 35. Let r1, r2 ∈ Q, and K ⊂ S3 be a knot. The surgeries on K with
slopes r1 and r2 are called cosmetic if S
3
r1(K) is homeomorphic to S
3
r2(K). They
are called purely cosmetic if S3r1(K)
∼= S3r2(K), by which we mean that there exists
an orientation preserving homeomorphism between them.
We now begin defining the property that will imply the non-existence of purely
cosmetic surgeries.
Definition 36. We say that a rational homology sphere Y has property S if HFred(Y )
is all concentrated in the same absolute Z/2Z-grading.
Definition 37. We say that a knot K ⊂ S3 has property S if S3p/q(K) has property
S for some p/q 6= 0.
Proposition 38. K has property S if and only if for any p/q ≥ 2g(K)−1, S3p/q(K)
has property S.
Proof. Suppose S3p/q(K) has property S. By taking the mirror of the knot, we may
assume p/q > 0.
Then by looking at Corollary 14 and Proposition 15 we see that for all k all
elements of Aredk (K) are in the same Z/2Z-grading. This is enough for all elements
of HF+(S3p/q(K)) for p/q ≥ 2g(K) − 1 to be concentrated in the same Z/2Z-
grading. 
Corollary 39. There are no purely cosmetic surgeries on non-trivial knots with
Property S.
Proof. The proof is completely analogous to [10, proof of Corollary 3.12]. In fact,
Ni and Wu show that if Y can be obtained by a purely cosmetic surgery, then the
Euler characteristic of HFred(S
3
p/q(K)) has to be 0. They also show that V0 and
V0 have to be zero for a knot that admits cosmetic surgeries. This implies that
Vi = Hi = 0 for i ≥ 0, so we do not have any τ(Vi) groups in the reduced Floer
homology. A knot with property S has all the A+k (K) groups concentrated in the
same Z/2Z-grading and in the case at hand these are the groups that constitute
the reduced Floer homology. Therefore, in this case, the Euler characteristic of
HFred(S
3
p/q(K)) is equal to (±) its rank, so it is an L-space. however, if an L-space
knot has V0 = 0, then it is trivial. 
In [10, Corollary 3.12] Ni and Wu show that Seifert fibred spaces cannot be
obtained by purely cosmetic surgeries. We can extend this result as follows.
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Corollary 40. There are no purely cosmetic surgeries on knots with non-zero
Seifert fibred surgeries.
Proof. By [14] Seifert fibred rational homology spheres have property S. 
We remark that there are knots which do not have this property, for example
944. Indeed, +1 and −1-surgeries on this knot have the same HF+, but are not
homeomorphic [22, Section 9].
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